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W A V E  P R O P E R T I E S  AND 

B O U N D A R Y  L A Y E R  

Y a .  A. V a g r a m e n k o  

S H E A R  S T R E S S  OF  A T U R B U L E N T  

UDC 532.525.2 

The wave theory of turbulence [1-3] is applied to the problem of a turbulent boundary layer  
nea r  a planar  wall. P re l imina ry  resul ts  ea r l i e r  published have been refined. 

In a turbulent flow the stat is t ical  ensemble state of l a rge - sca le  vor t ices  is descr ibed by the equation [2] 

ih O~ h z 
ot 2~ v% i=  V--T, 

where V 2 is the Laplacian. The special  representa t ion r = a exp ib makes it possible to obtain f rom (1) an 
express ion for  the energy of motion hw and an equation for  the probabili ty flow a 2 for  s ta t ionary turbulence 
(Oa2/Ot = 0): 

(1) 

1 h 2 
0~ = - -  pU 2 - -  - -  V2a , (2) 

2 2p a 

h div(a z grad b) = 0. (3) 

In this case hl grad bl =p U, ~ = a b / 3 t .  The negative t e r m  on the r ight-hand side of Eq. (2) ref lects  the 
s tat is t ical  aspect  of vor tex-par t ic le  interact ions,  and equals the fluctuation energy a 2p U2/2. Thus, 

v2a @ ]grad bl2a 3 : 0 (4) 

and, besides,  hw = (1 + a 2 ) p U 2 / 2 .  Since h = p U [ g r a d  bl -I, it follows that 

1 @ a  z 
~o - -  U [grad b]. (5) 

2 

The amplitude a coincides withthe local turbulence intensity u ' / U ,  where u' is the fluctuation in translat ional  
velocity. The representat ion of kinetic proper t ies  of vor tex-par t ic les  in t e rms  of wave charac te r i s t i cs  im-  
plies that the individual motion of vor t ices  is expressed in t e rms  of stat is t ical  ensemble proper t ies ,  thus 
forming a set of vor tex-par t i c les .  The probabili ty distribution of the amplitude a is such that in the region 
of wave existence 

a~db = 1. (6) J 

Transla ted f rom Inzhenerno-Fiz iches ld i  Zhurnal, Vol. 45, No. 3, pp. 410-419, September,  1983. Original 
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In the boundary layer  approximation, when a / a y  >> a / a x ,  one obtains f rom (3), (4) 

a d  4- c2 = O, (7) 

aeb ' = c, (8) 

where c is an integration constant.  The differentiation in (7), (8) is with respec t  to the variable 9 = y / 6 .  

In the boundary region of a boundary layer  the fluctuations are  subject to action of viscous s t r e s se s  f rom 
the side of the sublayer.  At a free boundary l ayer  turbulence is s imi la r  to a jet. Therefore  the vortex s t ruc -  
tures in these two regions are nonidentical, as is the case for  the behaviOr of probabili ty waves. A vortex is 
attached in the boundary region of the wave (with its plane almost  parallel  to the wall), and becomes "free" 
in the exter ior  region, where its plane is perpendicular  t o t h e  wall [5]. Fo r  the coexistence of "antagonistic" 
vor t ices  of two kinds it is neces sa ry  to have a buffer wave zone, which is neutral  in the sense that there exists 
no predominant  vortex direct ion in it. 

On the whole the fluctuation intensity must  decrease  away from the wall. In the buffer zone, however,  the 
d i sorder  in the vortex orientation leads to a general  balanee in fluctuation intensities (probabilities), and the re -  
fore the wave amplitude will be constant over the width of this zone (a s imi la r  c i rcumstance  is pointed out in 
[3]). The limiting high level reached at d e ~ d 9  = 0, will be the fluctuation level immediately at the wall, while 
for  the ex ter ior  par t  of the wave - it is the level at the buffer zone. 

Under the conditions mentioned the configuration across  the standing wave corresponds  to a solution of 
Eqs. (7), (8) of the form 

o0 
r = ~ cI) (r), r e = in - - ,  r ~ th, 

a (9) 

2 
i exp (--r e) dr, 

r  = V -E  o 

al / ~ _  al 
~P=r +--c  q)(r), r z=: ln a , qD~cp~, (10) 

a = el, (P1 ~ (P ~ ~2. (11) 

The coordinates 91, 92 refer ,  respect ively,  to the ex ter ior  boundary of the inhomogeneity region of the wave 
and to the internal boundary of the ex ter ior  region of the wave, also inhomogeneous. The values of the con-  
stant c in (9), (10) are,  in principle,  different. The buffer region occupies the interval 9i -< 9 - 92, and in it 
a = a 1. Immediately near  the wall a = a 0. Since the level a 1 is charac te r i s t i c  of the boundary region, 

al = a0 exp (--r~), (12) 

where r~ = l n ( a o / a  l) occurs  at 9 = 91. The interval 0 _< 9 <- 91 corresponds  to the existence region of tile 
associated vor t ices ,  and is therefore  uniquely determined as half the wavelength of the probabili ty standing 
wave, for  which the points 9 = 0 and 9 = 91 are  nodes. In the interval  92 <- 9 <- 92, in which the wave motion 
of vort ices  is stable at the limiting level of probability fluctuations, the pa r ame te r  h, related to vortex c i rcu la -  
tion [2], also reaches  the limiting value h = h 1. Under these conditions, not included within the special  form of 
the solution of (3), (4) for  inhomogeneous waves, the standing wave is determined on the basis of (1), with r = 
~0exp(-ic0t), where ~0 is a function of coordinates .  Since a r  =-i~0~, then, according to (1), 

hi V2 ~ + r162 = 0. (13) 
2p 

Using relation (5) in (13), within the boundary layer  approximation we have 

~" + (1 + a~)b'2~ = 0 ((PI~(P~r (14) 

It has been taken into account that for  a boundary layer  pU ~ h a b / O y ,  V2r ~ a ~ p / a y  2. If in the buffer region 
h i = eonst, we obtain for  it 0 b / O y  = p U / h  l, while, according to Eq. (8), h a = c- ipfUl  a 2, corresPonding to the 
h value at the boundary 9 = 91- Consequently, in this region b' = cU/Ula  ~, where U I is the velocity at the 
boundary 9 = 91. It is hence seen that to avoid a discontinuity in the phase gradient  at 9 = 92 the c values in 
(10) and (9) must be chosen in such a manner  that the i r  rat io equal U2/U t, where U z is the velocity at the bound- 

a ry  9 = 92. 
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A s s u m i n g  that  the ve loc i ty  n e a r  the wal l  i n c r e a s e s  qu ick ly  a l m o s t  unt i l  the e x t e r i o r  flow ve loc i ty  U 6 , 

fo r  ~ > ~o t we take  U / U I ~  1; then  b' = c / a ~  in the r e g i o n  ~,o 1 ~ ,co _ ~o 2, and,  consequen t ly ,  the to ta l  phase  change 

is h e r e  

b - c --  ~ ( % -  %). (15) 
aT 

In th is  a p p r o x i m a t i o n  the cons t an t  c is  the s ame  th rough  the whole  l a y e r  width.  We now f ind f r o m  Eq. (14) 
, = sin [c(1 + a~) '/'-' a~ ~ (cp- -~)] .  By the ex i s t enc e  condi t ion  of a s t and ing  wave we m u s t  have r = 0 at the nodes  

~o = ~o 1, ~ = q)2; t h e r e f o r e ,  

1 

( I -~ - a~ ) -  ( % - - % ) = n n ,  n =  l, 2, 3 . . . .  (16) 
a~ 

C o n s i d e r i n g  (15) and (16) s i m u l t a n e o u s l y ,  we obta in  

bt =: (1 -~- a~)-i/Znm (17) 

Thus ,  tun ing  of the wave m o t i o n  in the e x t e r i o r  zone  q) > ~o 2 to the vo r t ex  f luc tua t ion  r e g i m e  in the bounda ry  
zone qo _ ~t r e q u i r e s  ma tch ing  of i n t e n s i t i e s  and a m o u n t  of ha l f  wave leng ths  in the buf fe r  zone .  

It can be s e e n  that  

db 

dr 

where  a +  = a 0 f o r  ~o _< ~ t '  a n d s +  = a s fo r  qo -> qo 2. 
t e r i o r  bounda ry  q) = 1, a = 0, r =r 
f r o m  (6) 

_ 1 /2  exp r 2, (18) 
a +  

We a l so  take into account  (11) and the condi t ion  at  the ex -  
By i n t e g r a t i n g  then,  fo r  a = a + e x p ( - r 2 ) ,  ove r  the l a y e r  width we obta in  

2 [a~ + ao~ (r~)l + a~t)~ = 1. (19) 

In a s t a t i o n a r y  boundary  the hal f  wave leng th  phase  v a r i a t i o n  is  7r, and then,  accord ing  to (18), a 0 = D(r~) I/-2/n, 

where  D (r) = i exp r~dr . This  a 0 va lue  m u s t  be used  in (12), which  g ives  al = l /2~-~D(r , )exp (--r~) 
0 

count  of (17) we now obta in  (19) in the  f o r m  

. With a c -  

2n D2(rl) 1 ~- D2(rl)exp(--2rl exp(- -2r l )  @ _ D(rl)[qZ(rl)+exp(--U)] = 1. (20) 

By f ix ing  n the  quan t i ty  r i is found as the roo t  of Eq. (20), fo l lowing which we d e t e r m i n e  a 0, a s. I n t e g ra t i ng  
Eq. (8) over  the l a y e r  width,  we see  that  the n o r m a l i z a t i o n  condi t ion  (6) m u s t  a l so  c o r r e s p o n d  to the r e l a t i o n  
c(cpl - ~o 2 + 1) + a2bi  = 1. With accoun t  of Eq. (15) we f ind f r o m  the l a t t e r  c = 1. 

Unde r  the condi t ions  r = ~ ,  ~0 = 1 we d e t e r m i n e  f r o m  (10) the s e p a r a t i o n  boundary  of the buffer  and e x -  
t e r i o r  wave zones  ~2 = I - - a l c - ' l / n /2 .  F r o m  (10) we a l so  f ind the e x t e r i o r  nodes  of the f i r s t  s t and ing  ha l f  w a v e -  
length  fo r  ~ > ~02, i m m e d i a t e l y  ad jacen t  to the  buf fe r  zone:  qDa-=~2+alc-'~/n/20)(ra) , where  the r 3 va lue  is  r e l a t e d  
to the wave i n t e n s i t y  at  the po in t  ~o = ~03 and is  found f r o m  (18) u n d e r  the condi t ion  that  the phase  change be 
on the i n t e r v a l  ~3 - ~~ In that  c a se  4-2D(r~/a~ = 3,  and a f t e r  e l i m i n a t i n g  a 1 we obta in  the condi t ion  D(r  3) = 

D(r  1) exp( - r2 ) .  We note  that  f o r  ~o = ~o 3, a = a 3 = a l e x p ( - r  ~ .  The r 1, r 3 va lues  fo r  v a r y i n g  n a re  shown in  
Table  1. The c h a r a c t e r i s t i c  wave s t r u c t u r e s  a r e  shown in  Table  2, f r o m  which it is  s e e n  that  the t u r b u l e n c e  
i n t e n s i t y  a 0 and the width of the wave boundary  r e g i o n  d e c r e a s e  wi th  i n c r e a s i n g  n.  

Our  p r o b l e m ,  r e l a t i n g  the wave mot ion  with the r e g u l a r  flow, is d e s c r i b e d  by the equa t ions  

Ou Ou = p_~ Ov Ou Ov u - -  + v L - - ,  -~ . . . . . . . . .  0. (21) 
Ox Oy @ Ox Og 

The s h e a r  s t r e s s  r ,  g e n e r a t e d  by the ac t ion  of t u r b u l e n t  f l uc tua t ions ,  which fo r  an inhomogeneous  s t r u c t u r e  of 
p r o b a b i l i t y  waves  a r e  such  that  exchange  by f luc tua t ion  weights  of k ine t ic  e n e r g y  be tween  d i f f e ren t  flow l a y e r s  
is no t  m u t u a l l y  c o m p e n s a t i n g .  As a r e s u l t  the s ing le  f luc tua t ion  on a c losed  c on t ou r  b e c o m e s  an  exc i t ing  vor t ex  
e l e m e n t  of length  l,  wi th in  whose  l i m i t s  is  g e n e r a t e d  a f luc tua t ion  r a t e  l a u / a y ,  while  the c i r c u l a t i o n  change 
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TABLE 1. Values  of the Cons tan t s  r l, r3 

1 n 1 2 3 4 5 

r~ 0,88 0,73 0,64 0,56 0,51 
r a 0,5 0,48 0,46 0,43 0,41 

6 

0,47 
0,38 

7 

0,44 
0,37 

0,41 
0,35 

TABLE 2. C h a r a c t e r i s t i c  Wave S t r u c t u r e s  

rt qO 1 q;~ q)a at* a l  a z  

0,515 
0,35 
0,26 
0,2 
0,17 
0,14 
0,12 
0,10 

0,7 
0,71 
0,72 
0,74 
0,76 
0,77 
0,78 
0,80 

0,85 
0,85 
0,85 
0,85 
0,86 
0,86 
0,86 
0,87 

0,525 
0,400 
0,333 
0,280 
0,251 
0,225 
0,211 
0,193 

0,243 
0,232 
0,221 
f,', 204 
0,193 
0,18l 
0,174 
O, t63 

0,19 
0,184 
0,179 
0,17 
0,163 
0,157 
0,151 
0,143 

equa ls  12Ou/Oy .  The s t a t i s t i c a l  equ iva l en t  of the l a t t e r  quant i ty  is the m a t h e m a t i c a l  expec ta t ion ,  def ined  on 
the se t  of al l  s e g m e n t s  1 i nc l i ned  to the vo r t ex  f o r m a t i o n s ,  cons i s t i ng  of the con tour  length .  The pu l sa t i on  ra te  
o c c u r r i n g  on the con tour  is  c o m m e n s u r a t e  with the " s h e a r  ra te"  ( r [ p  )i/2. The i n c l i n a t i o n  to  the f luc tua t ion  
g e n e r a t e d  at the con tour  is c h a r a c t e r i z e d  by the p r o b a b i l i t y  a 2. F o r  a con tour  length  on t he  o r d e r  of the l a rge  
vo r t ex  sca le  L we obta in  a m a t h e m a t i c a l  expec ta t ion  of a " c i r c u l a t i o n  quan tum"  of o r d e r  a2L  ('r / p  )1/2. Con-  
sequen t ly ,  

a2L 1 / ' ~  = ~Ll2Ou/Oy, (22) 

in  a g r e e m e n t  wi th  the coef f ic ien t  ~ ~ found f r o m  the  compa t ib i l i t y  r e q u i r e m e n t  of the r e g u l a r  and  wave m o t i o n  

f i e lds .  

S t a r t i ng  f r o m  a condi t ion  of the type of the u n c e r t a i n t y  r e l a t i on ,  vo r t ex  s c a l e s  w e r e  found [2], a cco rd ing  
to which 

1 Ob -1 (1 + aZ) -~/2, l 1 Ob -~ (1 -b aZ) -~/~. L = I 

F o r  slow long i tud ina l  flow changes  an " a l m o s t  s e l f - s i m i l a r "  so lu t ion  is pos s ib l e  of Eq. (21) in  the c u r r e n t  
func t ion  5UJ ((p) , such  that  u = U~f', v = 7U~ ((pf' - -  f), ~, --- dS/dx , where  7 is  a weakly  v a r y i n g  func t ion  of x. 
Keeping in  m i n d  that  {Ob/Ox{ = ~,~br/5, !Ob/Oyl = b'/5 , where  b '  = c / a  2, we obta in  f r o m  (22) T = ~2c-2pU~ (~f.)2 
Here  the coef f ic ien t  ~ = ' / ~  (1 + a2) -~ is  t aken  to be a cons tan t  quant i ty ,  s i nc e  a 2 << 1. E l i m i n a t i n g  i t ,  and 
us ing  condi t ions  at  the v i scous  s u b l a y e r  bounda ry  y = Yo, we have  on i t  u = u o, c)u/c)g= uo~/%, with  ~o = Yo/& 
Denot ing m = Uo/U6, at  the point  (p = 90 we have f' = m,  f" = m / 9 0 .  In t roduc ing  then  the de f in i t ion  % = croUp~2, 
fo r  9 = 90, ~" ~ zo, we f ind ~ - -  csc2/2m27Z ~ and consequen t ly ,  �9 = ci9U ~ (~f')Z/2mZc2 . Taking  into accotmt the l a t t e r  
e x p r e s s i o n ,  f r o m  (21) we obta in  the equa t ion  

(p~f"' + cpf" ~- ~f -_ O, (23) 

in which 

= ,72rn2c2/c1. (24) 

The so lu t ion  of Eq. (23) is  r e p r e s e n t e d  in the f o r m  of a power  s e r i e s  in 9 ,  a l so  con ta in ing  t e r m s  wi th  the l og -  

a r i t h m i c  fac to r :  

f -= So + sa(p + s2~ 2 + . . .  + (Co + clq~ + c2~ z + .  �9 .) In ~0 (25) 
% 

F o r  s m a l l e s t  d i v e r g e n c e  we take in  the l a t t e r  f = 0 fo r  9 = 90. As a r e s u l t  of subs t i t u t i ng  (25) in to  (23) we ob-  
r a in  s o = 0, c 0 = 0, and r e l a t i o n s  fo r  d e t e r m i n i n g  the o ther  coef f ic ien ts :  5c 2 + 2s 2 + f~s 1 = 0, s ! = - 9 0 s 2  , 2c 2 = 
- t i c  1. F o r  f190 << 2 the so lu t ion  (25) a c q u i r e s  the f o r m  

f=cl ~(~-~0)+~ 1 - ~  lnT0 , 
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whence, neglecting the small  quantity 5/4 fi~o 0, we obtain 

Since f '  = m for  ~ = ~9 0 --- 0, one must  put c I = m. 

The p a r a m e t e r  /3 is determined f rom the conditions at the ex te r io r  layer  boundary. As in the ease of jet 
turbulence [2, 3], we s ta r t  f rom the assumption that the exter ior  boundary of the regular  flow in the layer  coin-  
cides with the site cp = ~o 3 of the ex te r io r  half-wave, within whose l imits there exists a large scale ex te r ior  
vortex adjacent to the buffer zone, and the following damped half-waves (cp3 _< q) _ 1) have no d i rec t  relation to 
the shea r  flow. This representa t ion corresponds  to the condition ~o = q0~, f '  = 1. At the l ayer  edge the ve loc i ty  
t r ans fo rms  continuously to the velocity of the unperturbed flow, i.e., ~0 = ~o 3, f" = 0. The last  of these condi- 
tions gives fl~o 3 = [in (q)3/~00) - 1] -l,  in which case we obtain f rom the f i r s t  condition 

a 2 - - ( 1  + @ ) c ~ + l  + 1-~-=0, a_~-~ln (P% (27) 
m % 

The solution of Eq. (27), sat isfying the obvious requi rement  of unconfined sublayer  thinning for  m ~ 0, is wr i t -  
ten in the fo rm 

a = (m -4- m~)/2m,  m~ = 1 q-  ,/ 1 - -  2m - -  3 m  2. (28) 

Consequently, /~r = 2 m / ( m  1 - m ) .  By comparing the la t ter  express ion with (24) we find the change in the 
boundary layer  width 

7 = - 
d(3 _ 2c~ (29) 
d x  m %  (ml  - -  m)  " 

The velocity profi le (26) is 

u = [ , =  m 1 @ @ 1 . (30) 
U6 m l - - m  % rn 1 - r n  % \ % 2 m  

Having determined the boundary conditions at a smooth wall, we s ta r t  f rom the idea of discontinuous s t ruc ture  
of a viscous sublayer .  The la t ter  is developed as nonstat ionary viscous flow in the period between two f luc-  
tuations of the boundary vortex. This viscous flow breaks down completely as the vortex approaches the wall. 
If the nonstat ionary sublayer  is formed by sudden flow generat ion with some velocity uc, pract ica l ly  constant 
within the longitudinal vortex scale,  the velocity distr ibution in this viscous flow obeys the dependence [6] 

u I//_~ (31) u = q ) ( ~ ) ,  ~ =  

For  a relat ively nar row sublayer  (Y0/6 << 1) we use u / u  c ~ ~ (the velocity profile in the sublayer  is l inear).  
Taking into account express ion (5), for  I grad  b[-~ 0 b / 0 y ,  u - U we determine the period T = 2~r/c0 of the sub-  
layer  res tora t ion  in the fluctuation frequency nea r  the wall: 

T =  4n _[ ab 1 -~ (32) 
. c ( l + a ~ )  \ @ ]  " 

For  y ~ 0, u c must  be expressed  here  f rom the mean velocity distribution (30), since the "viscous" and " tu r -  
bulent" velocity profi les  nea r  the wall a re  completely linked. Since for  ~ - -  0 we have ~ b / ~ y  = c / a 2 6 ,  for  
t = T we find f rom (32) and (31) the sublayer  width 

go = 4% [. ~a~6~ ]i/2 (33) 
c~uc (i + ~)  J " 

Ill (33) G 0 corresponds to some velocity u 0 at the sublayer botmdary at the moment of its vortex breakdown. By 
comparing the expressions of the flow stress at the wall r o = #u0/Y 0 and T o = i/2cfpU } , it follows that 

R e  =- 2 m / % c ] ,  (34) 
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where Re = 5p U6/P is the Reynolds number ,  de te rmined  by the width of the fluctuation region.  Taking a lso  
into account that  ~0 -~ u0/Uc, we obtain f r o m  (33) 

i .e. ,  Yc = 1/2 (3b/3Y)-1(1 + a2o )-1/2" 
mc = N/m,  where 

8na2oc ] 
% = (35) 

c ( l + a  2) mzm 2 " 

Here  m c = Uc/U o. The velocity u c of the flow, fo rming  a nonsta t ionary  viscous flow, is r ea l i zed  by the s t a t -  
i s t ics  at  a dis tance Yc f r o m  the wall equal to the in te rva l  of t r a n s v e r s e  vor tex  local izat ion fo r  y -~ 0 (see above), 

This  co r r e sponds  to gv c = yc /5  = ~/2a~(1 + a~)-l/2. Then, according to (30), 

N= 

According to (27) 9o = gP3 eXp(-0~)" 

ml + ~- A(3m2--mm~)mi - -  m + (m m~2m~----A--- m ) lnA;  

o 

A =  a5 
2r (1 ~- a2o) 1/2 " 

Compar ing  this express ion  with (35), we obtain (for c = 1) 

c , =  % ( l + a g )  N~ - exp (--a). (36) 
�9 Snag m 

F r o m  (34) and (35) we find 

R e =  l+a02 .N3" (37) 
4na  cy 

The functions (36), (37) de te rmine  the f r ic t ion  law in the boundary l aye r  p a r a m e t r i c a l l y  in t e r m s  of the veloci ty  
ra t io  m =Uc/U 6 (Fig. la ,b) .  One may note the p r e sence  of a na r row region of Re numbers ,  in which one ob- 
s e r v e s  an initial  inc rease  of the f r ic t ion  coeff icient  during l a y e r  thickening (Fig. 2a). In this region the veloci ty  
ra t io  m c at the center  of the oscil lat ing boundary vor tex  to that  at the sub layer  boundary i n c r e a s e s  f r o m  ap -  
p rox ima te ly  1.3 to 2.0. In this case  one obse rves  an inc rease  in cf and Y, which re f lec t s  the t rans i t ion  r eg ime  
of fo rmat ion  of a turbulent  boundary l aye r .  

F o r  sudden (exponential) per turba t ion  i n c r ea se  at  the final t rans i t ion  s tage  [6] the width of the turbulent  
boundary l aye r  (within the mean  flow) will be p rac t i ca l ly  the s a m e  as  the width 51 of the l amina r  l ayer  up to 
the s t a r t  of t rans i t ion ,  i .e. ,  61 = ~35" In the l a m i n a r  boundary l aye r  Re t = 5(Rex) 1/2 [6], where  Re 1 and Re x 
a re  the Reynolds number s  de te rmined  by the width 61 and by the longitudinal coordinate x. Consequently,  the 
s t a r t  of the t rans i t ion  cor responds  to Rex0 = (i/5~3Re0) 2, where  Rex0 and Re 0 co r respond  to Rex and Re at  mc-~  1, 
i .e. ,  the s t a r t  of an es tab l i shed  turbulent  s t r uc tu r e .  Fur the r ,  along the boundary l aye r  the re la t ion  between 
the numbers  Re and Rex is de te rmined  f r o m  the dependence 

in which the slope 7 of the fluctuation boundary region is known f r o m  (29) (Fig. 2b). Table 3 shows the bound- 
a ry  l aye r  p a r a m e t e r s  at the s t a r t  of the t rans i t ion  (a) and a f t e r  the complet ion of t rans i t ion  (b), which c o r r e -  
sponds to a m a x i m u m  of cf, Y. The change in the local  f r ic t ion  coefficient  as a function of Re x is shown in 
Fig.  3. 

Each t ime,  following the ach ievement  of a new cr i t ica l  l a y e r  width the re  occurs  a r e a r r a n g e m e n t  of the 
fluctuation f ield beneath in the flow for  n inc reas ing  by unity. There  ex is t s  a number  of "s tandard"  s t ruc tu re s  
of a turbulent  boundary layer ,  so that  i ts  s t a r t  fo r  n = 2, 3, 4 . . . .  co r responds  to one of the numbers  Rex0 = 
2.25 �9 105, 6.63 �9 105, 1.71 �9 10 G, and so for th  (Table 3). The wel l -known expe r imen ta l  data [6] indicate that  the 
obse rved  Rex0 of the t rans i t ion  a r e  indeed grouped nea r  these calcula ted values .  (For  n = 1 a rea l iza t ion  of a 
s table  s t ruc tu re  is ,  obviously, imposs ib le ,  s ince the width of the buffer  zone is  s m a l l e r  than the s ize of the 
boundary vor tex  penetra t ing this zone.) Which of the t rans i t ions  mentioned above is r ea l i zed  depends on the 
level of the init ial  per turba t ion .  This p rob lem requ i r e s  s epa ra t e  considera t ion [4]. 

The external  f luctuation boundary l a y e r  is such that the probabi l i ty  wave ~splashes ~ following the s t a t -  
i s t ical  l imi ts  of the mean  flow ~ = q3* According to Table  2, ~.~ = 0.85-0.86, i .e . ,  the region of poss ib le  vor t ex  
neglect  is approx imate ly  1.2 t imes  wider  than the region of r egu la r  motion in the l ayer .  This co r responds  to 
exper imenfa l  data. 
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TABLE 3. Data for Establ ishment of Turbulent Structure 

n 1 0  - a R e  1 0  - :' R e  x I 0 a c /  I Oe~T 

r . 

1 6 

3 
2 6 

a 

3 5 

a 

4 5 

5 d 

a 

6 6 

1 6 
a 

8 d 

/zz 

0,325 0. I27 
0,310 O, t56 
0,31 9,28 
0,265 0~39 
0,28 0,48 
0,24 0,686 
0,255 O, 768 
0,225 1,04 
0,245 1,01 
0,21 1,49 
9,23 i ,35 
0,20 2,0i 
0,225 1,58 
O, 195 2,37 
0,215. 1,98 
o, 190 2 .86 

0,59 
O, 65 
2,25 
2,62 
6,63 
7,44 

17,1 
i8,3 
30,4 
32,7 
54,1 
57,6 
73,8 
78,1 

117 
122 

6,1l 
6,30 
3,53 
4,5 
3,04 
3,72 
2,65 
3,16 
2,3 
2,87 
2,20 
2,62 
2,05 
2,49 
1,96 
2,33 

5,16 
4,81 
2 , 7 0  
3,21 
2,18 
2,71 
1,90 
2,35 
1,65 
2,18 
1,6 
2,04 
1,51 
1,97 
1,47 
1,87 

3 

o,,22 

,3 

/ - - .  

2 S 

b " 

Fig. 1. The local fr ict ion coefficient (a) and the ve-  
locity at the sublayer  boundary (b) as a function of Re. 

fO~-T T 

o L  ...... ~ !" , . . . . . .  
3,~ 4,2 lqRe 

tq~ex I ~ _ . _ . . . ~  
7 ' ~ 

b 
5 1 n - - f 2 ~  _ 1  i , 
3,4 o,2 tq R e 

F i g .  2. The  s l o p e  of the  e x t e r n a l  b o u n d a r y  l a y e r  (a) and  the 
c o r r e s p o n d i n g  R e y n o l d s  n u m b e r  (b), 

to3c~ o i I I ---I 

{ t i r . J  
4o ge 4~ 42 g~ N tq Re x 

F i g .  3. Change  in the  l o c a l  f r i c t i o n  coe f f i c i en t  a long  
the b o u n d a r y  l a y e r .  
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Fig. 4. Velocity var ia t ion  n e a r  a wall (a) and a c r o s s  
the width of the boundary l aye r  (b). 

F igure  4a shows the prof i le  of u /u  T acc0rciing to (30) for  m = 0.23, cf = 4.2 �9 10 -3 (n = 2) in the coordinate 
"q := pu~y/~ = ~ (ci/2) ~/-" Re, where  u~ = V'~o/p = u~ (cs/2)'/2 (the points a re  the exper imen ta l  data  of [6]). The p r o -  
fi le of the excess  veloci ty  Au = U 5 - u, calculated in the coordinate ~0 = y /61  = q / q 3 ,  is shown in Fig.  4b. 
In the externa l  l ayer  region this prof i le  sl ightly deviates  f r o m  the exper imenta l  points fo r  ~0 ~ 0.4, which is 
obviously a pr ice  for  the approximat ion  used for  7 in the buffer  zone. The exact  exp res s ion  fo r  ~1 <- ~ -< ~2, 
compat ible  with the express ion  fo r  ~ _< ql,  is for  b'  = cu /Ula  ~ of the f o r m  T = xB(~f" / f ' )  2, where  )l is the 
value of f,2 at the point (# = ~P!; B = cfpU~/2c2m 2. Then 

cp {[ ~- Z-'~/=:: O. (38) 

F o r  f '  -~ 1, • ~ 1 Eqs.  (23) and (38) a re  quite c lose  to each other,  with some of the deviat ion mos t ly  re la ted  to 
the T distr ibution.  

N O T A T I O N  

~, wave function; x and y,  longitudinal and t r a n s v e r s e  r ec tangu la r  coordinates;  t, t ime;  U, absolute value 
of the fo rward  speed in the layer ;  U6, ex terna l  flow velocity;  p ,  density ( incompress ib le  flow); a and b, wave 
amplitude and phase;  r f luctuation frequency;  6, width of the f luctuation region; T, shea r  s t r e s s ;  T 0, f r ic t ion  
s t r e s s  at  the wall; /~, v i scos i ty  coefficient;  u and v, longitudinal and t r a n s v e r s e  components  of the mean  ve -  
locity; h, ~quantum n p a r a m e t e r ;  and cf, local f r ic t ion  coefficient .  
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